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ABSTRACT

The objective of this paper is to develop a mathematical model for the synthesis of anaerobic digester
networks based on the optimization of a superstructure that relies on a non-linear programming for-
mulation. The proposed model contains the kinetic and hydraulic equations developed by Pontes and
Pinto [Chemical Engineering Journal 122 (2006) 65-80] for two types of digesters, namely UASB (Upflow
Anaerobic Sludge Blanket) and EGSB (Expanded Granular Sludge Bed) reactors. The objective function
minimizes the overall sum of the reactor volumes. The optimization results show that a recycle stream is
only effective in case of a reactor with short-circuit, such as the UASB reactor. Sensitivity analysis was per-
formed in the one and two-digester network superstructures, for the following parameters: UASB reactor
short-circuit fraction and the EGSB reactor maximum organic load, and the corresponding results vary
considerably in terms of digester volumes. Scenarios for three and four-digester network superstructures

Process synthesis

were optimized and compared with the results from fewer digesters.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

In wastewater treatment, there is a variety of digesters and
reactors, specifically biochemical ones, which suit the task of
degrading pollutants in the effluent streams. As expected, reac-
tors and digesters have different characteristics often making them
more adequate to treat specific effluents rather than others. The
optimal synthesis of a reactor (digester) network in a wastewater
treatment plant may present designs that significantly reduce the
costs of the plant in comparison to single reactor designs.

The objective of the current paper is to develop a strategy for
the synthesis of a network of anaerobic digesters. The use of mul-
tiple types and configurations of reactors (digesters) in a network
can yield better results in effluent treatment than the use of only
one reactor (digester) for this purpose. It is also shown how com-
plex a network becomes once the number of candidate digesters
increases, and how an understanding of the wastewater treatment
process is decisive to the success of the synthesis strategy.

The current paper focuses on the synthesis of a network of
anaerobic digesters that contains in particular the UASB (Upflow
Anaerobic Sludge Blanket) reactor and the EGSB (Expanded Gran-
ular Sludge Bed) reactor. Like most modern biochemical digesters,
the UASB and the EGSB reactors have a much higher sludge age than
the hydraulic retention time, as described in Pontes and Pinto [1].
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As a consequence, the sludge behavior in the system is considerably
different from that of the effluent. The detailed models that describe
flow and kinetic behaviors for these digesters are also described in
[1]. The UASB reactor flow model is based on the one developed by
Bolle et al. [2], while the EGSB reactor flow model was developed
from the experiments described in Brito and Melo [3]. The kinetic
models are based on the ones developed from Kalyuzhnyi [4] and
Bolle et al. [5]. Also, these digesters have intrinsic characteristics
that must be taken into account in their design as well as in the
synthesis of the treatment process. Kalyuzhnyi and Fedorovich [6],
Narayanan and Narayan [7] and Mu et al. [8] developed axial dis-
persion models for the UASB reactor. These models may be more
precise, but are complicated to simulate and optimize, requiring a
discretization in the axial direction within the reactor.

As stated by Lakshmanan and Biegler [9], there are two major
approaches for synthesis of a reactor network: superstructure opti-
mization and attainable region targeting. The first one consists
of creating a superstructure containing a pre-determined num-
ber of reactors and various streams that connect these reactors.
Kokossis and Floudas [10] proposed a methodology where the
superstructure is composed of CSTRs (Continuous Stirred Tank
Reactor) and PFRs (Plug Flow Reactor). According to their strategy,
a PFR could be approximated by a series of CSTRs, and the net-
work would be represented by a MINLP (Mixed Integer Non-Linear
Programming) model. Kravanja and Grossmann [11] also used this
methodology. Marcoulaki and Kokossis [12] developed a method-
ology using stochastic optimization to target the performance of
chemical reactors. Schweiger and Floudas [13] described a super-
structure composed of CSTRs and CFRs (Cross Flow Reactor). The
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Nomenclature ) ) .

) ) Sir concentration of substrate j leaving reactor r (kg/m?3)
Bacteria types (i) Sirs concentration of substratejin section s of UASB reac-
AB butyric acid user acetogens tor r (kg/m3)

AE ethanol user acetogens ™, rate of formation of the endogenous residue in EGSB
F fermentors reactor r (kg/m3 h)
I endogenogs residue TM;¢ rate of formation of the endogenous residue in sec-
MA acetoclastic methanogens tion s of UASB reactor r (kg/m3 h)
MH hydrogetrophic methanogens /A overall volume of reactor r (m?3)
] v upflow velocity (m/h)
Substrates (j) Xin concentration of anaerobic sludge component i in
AA acetic acid stream n (kg/m3)
B butyric acid Xir concentration of anaerobic sludge component i in
CHy methane EGSB reactor r (kg/m3)
CO, carbon dioxide Xirs concentration of anaerobic sludge component i in
E ethanol section s of UASB reactor r (kg/m?3)
G glucose XT; total anaerobic sludge concentration in EGSB reactor
H hydrogen r (kg/m3)
XTrs total anaerobic sludge concentration in section s of
Number of reactors in the network superstructure (k) UASB reactor r (kg/m3)
streams (1) Parameters
BP; reactor r by-pass Wi maximum growth rate for bacterium i (h=1)
FD fresh feed CT computational time (h)
EN final ) K; half-speed constant for substrate j (mol/m3)
IN; reactor r inlet ) Ky inhibition constant for bacterium i by inhibitor i’
MR, final mixer to reactor r connection ' (mol/m3)
OT; reactor r outlet MM; molar mass of substrate j (kg/mol)
REy fresh feed to reactor r ) NE, number of equations in a network superstructure of
RM; reactor r to final mixer connection k reactors
RRy reactor r recycle NE, number of degrees of freedom in a network super-
Si_r feed from reactorrto r’ structure of k reactors
NV}, number of variables in a network superstructure of
Reactors (1) k reactors
UASB or EGSB OL;max ~maximum organic load for reactor r (kg/m3 d)
. R number of reactors in the network superstructure
Section of UASB reactor (s) RC cost of reactor r
.
d bed RE number of EGSB reactors in a network superstruc-
b blanket ture
¢ settler RU number of UASB reactors in a network superstruc-
Variabl ture
ariables . . . SF; short-circuit fraction that by-passes reactor r
¢CH4,r vol3umetr1c production rate of methane in reactor r SF:s short-circuit fraction that by-passes section s in
(m*/h) . . . reactor r
écn,,, volumetric production rate of methane in section s Y; bacterial yield (kg/mol)
of UASB reactor r (m3/h)
nr settler efficiency of UASB reactor r
' S 1
® b g;ngvil? rraa:ee ffgrrll);cctt:)rril:llmmili;nsgcct?fnrgz(;tlcj);gétrleag- latter can be used to model PFRs, MMRs (Maximum Mixed Reac-
Hirs tgor r(h-1) tor) and SFRs (Segregated Flow Reactor). Esposito and Floudas [14]
. 2 described a strategy to optimize a reactor network superstructure
Ar cross-sectional area of reactor r (m#) . : . A
. 3 using a NLP (Non-Linear Programming) model that divides the net-
CODy, chemical oxygen demand for stream n (kg/m?) . .
- 3 work into subnetworks. The network is composed by a CSTR and
DC; total discharged sludge flow for reactor r (kg/m-> h) .
. . . either a PFR or a RR (Recycle Reactor).
DG, discharge rate for bacterium i from reactor r . . - .
(kg/m? h) The attainable region targeting approach is based on the con-
F stream n flow rate (m?/h) cept developed by X. Horn, according to Glasser et al. [15] and
" . Hildebrandt et al. [16], who described the methods for obtain-
hy overall height of reactor r (m) . . : .
- . ing the attainable region for networks that consist of CSTRs and
hys height of section s of UASB reactor r (m) . . . .
’ . 3 PFRs, but their examples covered only two dimensions, i.e. reac-
OL; organic load for reactor r (kg/m> d) . . . . ;
. L. tions involving only two compounds. Balakrishna and Biegler [17]
R;; reaction rate for substrate j in EGSB reactor r . .
(kg/m? h) proposed a segregated flow model to achieve a LP (Linear Program-
. .. . ming) formulation for the network model involving isothermal
Rjrs reaction rate for substrate j in section s of UASB reac- . -
tor r (kg/m? h) reactors. Balakrishna and Biegler [18] developed a strategy for
. the optimal synthesis of non-isothermal reactor networks. Laksh-
RC cost of the reactors present in the network manan and Biegler [9] proposed a method that incorporates some
Sin concentration of substrate j in stream n (kg/m3) & prop P

of the concepts of the superstructure approach into the attainable
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region targeting approach and created a MINLP model for the net-
work, which is composed of CSTRs, PFRs and DSRs (Differential
Sidestream Reactor). The model can be extrapolated to systems
with more than two dimensions. Kauchali et al. [19] proposed a
LP model to optimize a reactor network with two dimensions.
Recently, Bedenika et al. [20] proposed a method for the synthe-
sis of reactor networks based on economical criteria instead of
technological criteria.

Other works propose alternative methods. Pahor et al. [21]
described a method that combines aspects of both approaches,
which results in a MINLP model for the reactor network. Burri et
al. [22] developed the IDEAS (Infinite Dimensional State-Space)
approach, which evolved from the attainable region approach. The
IDEAS approach generates a LP model for the reactor networks, and
was also applied to networks with non-ideal reactors [23,24], as
well as to networks with variable density fluid CSTRs and PFRs [21].

Although the targeting approach is considered to have two
important advantages over the first, which are simpler MINLP for-
mulations and optimal solution not bound to the superstructure,
it cannot be readily used to optimize anaerobic digester networks.
The attainable region targeting approach yields results in CSTRs,
PFRs, or even DSRs, but anaerobic digesters cannot be categorized
as such [1]. Therefore, the approach proposed in this paper relies on
superstructure optimization. Kokossis and Floudas [10] described
the basic strategy for elaborating a superstructure and its corre-
sponding optimization model. This strategy can also be used to
discretize the axial dispersion models developed by [6-8].

The paper is structured as follows. First, Section 2 presents
the superstructure of a single anaerobic reactor. Section 3 shows
the equations, variables and degrees of freedom that are involved
in a single anaerobic digester network, which can be composed
by either a UASB or a EGSB reactor. In Section 4, the network is
expanded to multiple anaerobic digesters, and a degree of freedom
analysis is developed as a function of the number of digesters in
the network. In Section 5, results of the optimization of the anaer-
obic digesters network superstructures are shown and discussed.
Finally, Section 6 provides the major conclusions of this work.

2. Superstructure of a single digester network
2.1. Definition of the superstructure

Naturally, the simplest reactor network superstructure is the one
composed by a single reactor. Following Kokossis and Floudas [10]
strategy, when there is only one reactor, besides the inlet and out-
let streams, there are the recycle and the by-pass streams. Fig. 1
displays the single reactor network superstructure.

Although recycle streams are commonly used for EGSB reac-
tors [3,25], they are not common for the UASB reactors. However,
recently there have been studies of UASB reactors with recycle
streams, as shown in Mahmoud [26] and Ramakrishnan and Gupta
[27].

FD - feed:

IN — inlet;

BP — by-pass;

OT - outlet:

RR —recycle:

FN — treated effluent

Fig. 1. Superstructure of a single reactor network.

2.2. Superstructure model

The superstructure model is composed by the kinetic and flow
(or hydraulic) models of the anaerobic digester, besides the mass
balances for mixers i and ii (see Fig. 1). The following assumptions
are made:

Al. The substrate concentrations in stream BP are the same as the
ones of stream IN (Sjgpr=Sjiny  VJ);

A2. The substrate concentrations in stream RR are the same as the
ones in stream FN (Sjrrr=Sjev  Vi);

A3. The effluent contaminants are in low concentration, hence
there are no significant changes in the effluent flow and in the
overall density once it is treated in the anaerobic digester;

A4. The concentrations of the outlet stream of reactor r are identical
to the ones existing in the settler, in the case of an UASB reactor,
or inside the reactor, in the case of an EGSB reactor (S; o7y =Sj,-
Vj). To simplify the notation, the “c” sub-index is dropped for
the concentrations in the UASB reactor settler.

A5. One of the characteristics of anaerobic digesters are that the
outgoing streams can contain anaerobic sludge. To simplify the
network modeling, it is considered that none of the sludge that
leaves the digester is carried by the treated effluent, and also
that there is no sludge present in the feed stream(s). Therefore,
there is no sludge present in any stream of the superstructure
(Xin=0, Vin).

A6. The operation takes place in steady state.

Variables S; gpr, Sj orr and S; gy are not, therefore, included in this
model, according to Assumptions A1, A2 and A4. Moreover, due to
Assumption A3:

Finr —Forr= 0 (1)
Hence, the mass balances for the mixers are given by

Frp + Frrr — Finr — Fppr= 0 (2)

Fgpr +Forr — Frrr —Fen =0 (3)

Frp-Sj rp + Frrr-Sj,r — Fine-Sj ine — Fpr-Sjne = 0
j= G, E, B, AA, Hand CO, (4)

Fgpr-Sj iy +Forr-Sj,r — Frre-Sj v — Fn-Sjin= 0
j= G, E, B, AA, Hand CO2 (5)

The chemical oxygen demand (COD) of a stream can be calcu-
lated by the following expression [28]:

CODy = 1.33-S¢., +2.09:S. ;, +1.82-Sp. +1.07-San n +8.00-Sp
n=FD, IN;, OT; and FN (6)
Due to Assumptions Al and A2, the COD values of streams BP:

and RR; are identical to the ones of streams IN; and FN, respectively.

3. Analysis of a single anaerobic digester network
3.1. Kinetic model for anaerobic digesters

Both flow models for the UASB and EGSB reactors incorporate
the kinetic model based on the one elaborated and described by
Kalyuzhnyi [4]. The integration of the flow and kinetic models is
developed and described in [1], whose equations are summarized
in Appendices A and B.
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3.2. Flow model for an UASB reactor in steady state

The UASB reactor flow model is based on the one developed by
[2] and is integrated in the model of [1]. According to Assumption
A5, for an UASB reactor r, the discharge rate for component i of the
anaerobic sludge (DG;;) is defined by

Xi,c.r~FOT

DGir= Vic

i=F, AE,AB, MA,MH and I (7)
And the total sludge discharge rate (DC;) in reactor r is defined
by

DGy =y DG, (8)
i

The variables for a single UASB reactor network superstructure
are given in Appendix B. The superstructure model of a single UASB
reactor network has 112 variables. The UASB reactor model itself
contributes with 84 variables (Appendix B).

The complete set of equations that describe the single UASB reac-
tor network superstructure model is presented in Appendix B. This
model contains 100 equations, which 81 are intrinsic to the UASB
reactor and 19 to the network. Hence, the model has 12 degrees of
freedom, which are:

- Fy n=FD, RR and BP

= 9jFD j= G, E, B, AA, H and C02
-V

- Aror hy

- Nr

Generally, the feed stream would have its composition and flow
rate defined in such optimization problem, so there would be only
4 degrees of freedom:

- Fy n=RR and BP
-V

- Ay or hy

-

According to [2] and [29], the sludge concentration in the UASB
reactor bed is constant. That value was made equal to 85kg/m3,
which is the experimental value used by [2] and within 5% of the
one used by [29].

The short-circuit fractions for the UASB reactor, SF, and SF;, are
a function of the height of both bed and blanket sections of the
reactor. Bolle et al. [30] calculated these variables using a set of
equations, however these were specific to that UASB reactor used
in the experiment, as described in [1]. The short-circuit fractions
values for this work were set arbitrarily and varied from 0 to 0.145
as shown in Section 5.

3.3. Flow model for an EGSB reactor in steady state

The flow model for an EGSB reactor is based on the experiments
of [25] and those of [3].

The variables and equations for a single EGSB reactor network
superstructure are given in Appendix B. For a single EGSB reac-
tor, the superstructure network model has 65 variables. The EGSB
reactor model itself contributes with 37 variables.

The single EGSB reactor superstructure model contains 53 equa-
tions, which 34 are intrinsic to the EGSB reactor and 19 to the
network. As in the UASB reactor case, the EGSB reactor model has
12 degrees of freedom, which are:

- F n=FD, RR and BP

- Sim j=G,E, B, AA, H and CO,
-V,

- Arorhy

- XTy

Similarly for the UASB reactor, the feed stream would have its
composition and flow rate fixed in an optimization problem, so
there are only 5 degrees of freedom:

- F n=RR and BP
-V

- Aror hy

- XT;

3.4. Anaerobic digesters model constraints

The inequality constraints for an anaerobic digester can be cat-
egorized into 3 groups: non-negativity constraints, physical and
operational constraints, and treated effluent quality constraints.
Except for the reaction rates, all model variables are non-negative,
so there is one constraint for each of them.

3.4.1. UASB reactor model constraints

In steady-state, all variables for the UASB and EGSB reactor mod-
els are continuous. Except for the substrate reaction rates, all other
variables are non-negative.

It is necessary to constrain the reactor dimensions, so incon-
sistent designs are avoided in the optimization. Constraints (9) and
(10) are based on the internal dimensions of the UASB reactors used
by [2]and [29]. Neither [2] nor [29] establish an upper bound for the
upflow velocity in the UASB reactor, but it is expected that a high
value would dissolve the sludge bed, increase the short-circuit flow
and cause undesirable sludge washout. Therefore, the proposed
model would not be valid for a higher upflow velocity since the
transfer of contaminants from the effluent to the bacteria would
follow other mechanisms than the one proposed by the current
model. More importantly, the settler efficiency would be certainly
compromised as well as the entire process. Constraint (11) is also
based in the same works, and the maximum liquid upflow velocity
of 1.36 m/h is assumed 50% higher than the one found in [29].

% <60m (9)
N

hy .

A <1.25m (10)
Fiv _ 2.00m/h (11)
Ar

Constraints (9)-(11) were linearized for their implementation
in the models with the objective of improving solver performance.
These constraints are re-written as

Ar—60-h <0 (93)
hy—1.25-A, <0 (10a)
FN—2-Ar<0 (11a)

Naturally, the optimization process must take into account that
the treated effluent satisfies the environmental requirements of the
body of water over which it will be discharged. Typically, anaerobic
digesters are coupled with aerobic ones; hence, assuming there are
aerobic digesters downstream, the maximum COD for the treated
effluent is set 10 times higher than the required COD, whose max-
imum value is 0.005 kg/m3 according to CONAMA [31].

Dey < 0.005 kg/m 1
co 0.005 kg/m?3 (12)
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Constraint (13) was added to avoid high sludge concentration
in the treated effluent stream, whose maximum value was set at
1.175 kg/m3. This value equals the sludge discharge concentration
for the UASB reactor used by [2] with the lowest settler efficiency
reported, 0.95. Interestingly, as it is shown in Section 5, this con-
straint was not active in the optimal solutions.

in,,’c <1.175kg/m3 (13)

i

3.4.2. EGSB reactor model constraints

The non-negativity constraints for the EGSB reactor r are basi-
cally the same as those of the UASB reactor.

Kato et al. [25] present upper and lower bounds for velocity and
organic charge for EGSB reactors, although other authors [3,32]
operated this reactor outside those limits. According to [25], for
upflow velocities lower than 5.5 m/h and maximum organic loads
inferior to 7kg COD/m3d, there is no sludge washout from the
reactor. There is also a limitation for the organic load, since excess
methane gas production rate could lead to the mentioned washout.
The same authors recommend that the upflow velocity be no less
than 2.5 m/h otherwise the sludge would settle at the bottom of the
reactor. Therefore, the following constraints are valid:

Fin <5.5m/h (14)
Ar
Fin >2.5m/h (15)
Ar
o, = 240D -Fiv _ oy~ 7g/m? d (16)

2

Similarly to the UASB reactor, a constraint was added for the
ratio of reactor dimensions.

L <1000m™! (17)

This maximum value for the height/area ratio in Constraint (17)
is set to approximately twice the value of the EGSB reactor used by
[25].

Moreover, the EGSB reactor constraints are also linearized to

Fn—-55-Ar<0 (14a)
25.A—FN<0 (15a)
hy —1000-A; <0 (17a)

As technology advances, there are significant enhancements to
the EGSB reactor and the microorganisms used in anaerobic diges-
tion, pushing the operational limits of the EGSB reactor to new
boundaries. Jeison and Chamy [33] mentioned values for the upflow
velocity inside the EGSB reactor higher than the ones mentioned by
[25]. Thus
Fn—-10-Ar <0 (14b)

Van Lier et al. [32] experimented on an EGSB reactor operating
with organic loads of 12 kg of COD/m?3 d that corresponds to a value
significantly higher than the one presented by [25] as the maximum
organic load for an EGSB reactor. Hence
OL; max = 12kg/m3 d (16a)

The treated effluent quality constraints (12) and (13) that were
defined for the UASB reactor are also applied to the EGSB reactor
model.

4. Networks of multiple anaerobic digesters
4.1. Superstructure of a two anaerobic digester network

A network of multiple reactors allows solutions that combine
anaerobic digesters, even different ones, but it also makes its super-
structure representation more complex. For the sake of illustration,
Fig. 2 shows a two-reactor network.

Besides the recycle and by-pass streams, the superstructure con-
templates other streams. For instance, if either stream S;_, and/or
S,_1 exist in the superstructure it yields a serial configuration for
the network. There are also the MR; streams that recycle the treated
effluent streams to reactor r.

4.1.1. Mass balances for a superstructure of a two anaerobic
digester network

The following assumptions are made, besides A1 through A5, for
any substrate j and reactor r:

A6 The substrate concentrations in stream RF; for all reactors are
the same as those of stream FD (S; rr = Sjrp):

A7 The substrate concentrations in stream S,_ are the same as
those of stream RM (Sj,s,_r =Sjrmr);

A8 The substrate concentrations in stream MR, are the same as
those of stream FN (S; vrr = Sj n);

The mass balances for the mixers and splitters are

(i) Frp =Fgr1 + Frr2 (18)
(ii) Frp1 +Frr1 4+ Fso—1 4+ Fyr1 =Fpp1 + Fint (19)

Frr1-Sj rp +Frr1-Sj,1 + Fs2-1-Sj2 + Fmr1-Sj N
= (Fiv1 +Fgp1)-Sj N1 j= G, E, B, AA, HandCO, (20)

(iii) Fpp1 4+ For1 =Frr1 4+ Fs1-2 + Frvn (21)

Fgp1-Sjin1 +For1-Sj,1 = (Frr1 +Fs1-2)-Sj,1 + Frm1-Sj rm1
j= G, E, B, AA, Hand CO, 22)

(iv) Frr2 4+ Frr2 + Fs1-2 + Fyr2 = Fpp2 + Fin2 (23)

FRrr2-Sj rp +Frr2-Sj2 + Fs1-2-Sj,1 + FumRr2-Sj N
= (Fin2 +FBp2)-Sj.in2 j= G, E, B, AA, HandCO,  (24)

(V) Fppa + Fora =FRrr2 +Fs2—1 + Frm2 (25)

Fgp2-Sj iv2 +For2-Sj 2 = (Frrz 4 Fs2-1)-Sj2 + Frm2-Sj rm2
j= G, E, B, AA, Hand CO, (26)

(vi) Fram1 +Frvz =Fen 4+ Fur1 + Furz (27)

Frm1-Sj.rv1 + Frm2-Sj rv2 = (FEn 4+ Fur1 +Fuvr2)-Sj v
j= G, E, B, AA, Hand CO, (28)

Splitter (i) and mixer (vi) are denominated henceforth in this
paper as the feed splitter and the final mixer.

4.1.2. Degrees of freedom in a superstructure of a two anaerobic
digester network model

The number of equations and variables involved in the model
depend on the type(s) of anaerobic digester(s) used in the super-
structure. As previously mentioned, the UASB reactor has 84
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Fig. 2. Two-reactor network superstructure.

variables and 81 equations, and the EGSB reactor has 37 variables
and 34 equations. Interestingly, there are 3 degrees of freedom per
reactor (V;, hy or Ay, and 1,-UASB or XT,-EGSB), regardless of its type.

The network itself contributes with 60 variables and 44 equa-
tions, all given in Appendix C. The network, therefore, has 16
degrees of freedom, which are

- Fy n=FD, BP,, RR, S, and MR;; r=1and 2,1 # 1
- Fn n=RF;r=1or2
-Si;p - j=G,E, B, AA, Hand CO,

Therefore, the number of equations, NE;, for the two anaerobic
digesters network superstructure model in steady state is given by
the following equation:

NE, = 44 + 81.RU + 34.RE (29)

where
RU number of UASB reactors present in the network
RE number of EGSB reactors present in the network

RU+RE= 2 (30)

The number of variables, NV, is given by

NV, = 60 + 84-RU +37-RE (31)
Therefore, the number of degrees of freedom, NF,, is given by

NF = 16 + 3-RU +3-RE (32)

Substituting (30) into (32) yields NF, =22, which means that the
number of degrees of freedom of the optimization model does not
depend on the type of anaerobic digester selected for the network
superstructure.

4.2. Mass balances for a superstructure of a multiple anaerobic
digesters network

From Fig. 2, the necessary equations can be inferred in order
to describe a network containing multiple anaerobic digesters. In

a network with R reactors (R> 1), the following equations can be
defined:
For the feed (FD) splitter:

R
Fpp = ZFRFT (33)
r
For the reactor r upstream mixer:
R
Frr, +Frr, + Fur, + ZFsr,,r =Fgp, +Fn, 7=1,...,R (34)
r£ET
R
Frr. - Sj.rp + FRR: - Sjor + Fmr, - Sjen + ZFS “Sjr
r#£ET
= (FBFr +F1Nr)'sj,1Nr r=1,...,R j=G,E,B,AA, HandC02
(35)
For the reactor r downstream mixer:
R
Fgp, + For, = ZFSH, +FRr, +Frv, 7=1,...,R (36)
r#T

R
Fgp, - Sj N, + For, - Sjr = (ZFS”/ + FRRr) -Sj.r + Frm, - Sj, Ry
r#ET

r=1,...,R j=G,E, B, AA, Hand CO, (37)

For each reactor r:

FINr:FOT,- T:],...,R (38)
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R R
And for the final mixer:(39)ZFRMr =Fpn + ZFMRr
r r

R R
ZFRMr - Sj,RMr = (FFN + ZFMRr) . Sj,FN
r r

j=G,E,B, AA, Hand CO, (40)

Besides these equations, Eq. (6) that defines the values of COD,
must also be added.

4.3. Degrees of freedom in a multiple anaerobic digester network
superstructure

From item 4.1.1, in a network with R anaerobic digesters, there
are (17-R+10) equations for the network itself (excluding the ones
intrinsic to the digesters). The network itself has (R?+20.R+ 16)
variables, which are given in Appendix B. Hence the number of
equations of the network superstructure model is given by

NEg = 17-R+81.RU +34-RE+10 (41)
and the number of variables is given by

NVg=R? +20-R+84-RU +37-RE + 16 (42)
Hence the number of degrees of freedom is given by
NFg=R?*+3.R+3-RU+3-RE+6 (43)

And remembering that:

RU+RE=R (44)
which yields:
NFR=R? +6-R+6 (45)

Again, Eq. (45) shows that the number of degrees of freedom of
the network does not depend on the type of reactors selected.

The following variables can be considered as optimization vari-
ables:

- For the network:
- F, n=FD, BP;, RR;, MR, S,_,;r=1,....R 1 #r1
- F n=RF, r=1,...,R for (k-1) reactors
- Sim j=G,E, B, AA, H and CO,
- For each UASB reactor r:
- Ve r=1,... ,RU
- Arorh, r=1,...,RU
- nr r=1,...,RU
- For each EGSB reactor r:
- Ve r=1,.. ,RE
- Arorh; r=1,...,RE
- Xy r=1,...,RE

There are only non-negativity constraints for the variables that
are intrinsic to the network. Hence, these constraints are
F,>0 Vn (46)

Sin=0 Vn,j=G,E,B,AA, Hand CO, (47)
4.4. Objective function
The objective function of the network superstructure may tar-

get the overall cost reduction of the wastewater treatment. The
optimizations performed in the current work, relied on a simple

Table 1

Effluent to be treated by the anaerobic digester networks.

Parameter Value Unit
Fin 200 m3/h
SaAIN 3 kg/m?
Sin G # AA) 0 kg/m?3
CODiy 3.21 kg/m>

objective function which only targets the reduction of the overall
volumes, ignoring other costs. Therefore, the objective function is:

R
min RC = ZRQ v, (48)

r

Initially, RC; was set to 1 for all kind of reactors.

An economical objective function could be used, but it would
require parameters, such as detailed design and operational costs
for individual reactors, which are not available in the literature and
not provided by manufacturers.

5. Computational results

The resulting mathematical model for the anaerobic digester
network is a NLP problem. The model was implemented and opti-
mized in GAMS V2.25 [34] using the global optimization BARON [35]
and the local optimization CONOPT [36] solvers, using a PC platform
with Intel® Core™2 CPU, 1.86 GHz and 0.99 GB of RAM. There are no
constraints for minimum values for digesters volumes and stream
flowrates.

All the variables and expressions were finitely bounded, which
according to Sahinidis and Tawarmalani [35] guarantees the global
optimum. Regarding the optimality of the solver, in general the local
solver CONOPT can be sensitive to the initial point. The global opti-
mality of the smaller problems was guaranteed by solving them
with BARON. These problems provide upper bounds and in fact
their optimal solutions serve as initial points for the larger prob-
lems. This strategy was used throughout the paper and did not yield
local optima. Furthermore, the solutions can be in principle degen-
erate. Networks with two or more reactors of the same type could
present solutions with the same objective function value and dif-
ferent combinations of reactors. In order to avoid degeneracy, we
added a small epsilon value to penalize reactors with higher indices.
For instance, in the case of 4 reactors, indices 1 and 3 refer to UASB
reactors; the selection of index 3 is “e more expensive” than that of
index 1.

Table 2

Optimal solutions for cases U1-U4 for one UASB reactor.

Variable Case U1 Case U2 Case U3 Case U4 Unit
SF,=SF; 0.145 0.100 0.050 0.000 -

Vi 19665.8 8363.9 2160.5 226.5 m?3
Via 2710.9 1656.0 36.7 43 m?
Vip 13316.7 5160.6 17241 180.3 m?
Vie 3638.2 1547.3 399.7 419 m3

Ar 1086.3 708.4 360.0 116.6 m?

hy 18.10 11.81 6.00 1.94 m

v 1.82 2.00 2.00 2.00 m/h
Xor 15.3 23.8 30.0 30.0 kg/m?
Xmara 5.7 9.3 39.2 81.2 kg/m?
A— 1.0 26 13.8 28.7 kg/m3
Xira 793 75.7 45.8 3.7 kg/m?
Xirb 14.3 21.2 16.2 13 kg/m?
nr 0.9984 0.9999 0.9997 0.997 -
CODgy 0.050 0.050 0.050 0.050 kg/m?
Fin 2172.5 1416.8 720.1 233.2 m3/h
Frr 1972.5 1216.8 520.1 33.2 m3/h
Fgp 0.0 0 0 0 m3/h
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Fry 720.1 [ m'/h

] Fin 5201 [ m'/h
v, 21605 | m°
h, 6.00 | m
7 0.9997

Fig. 3. Optimal solution configuration for case U3.

Table 1 presents the characteristics of the feed stream for all the
optimization cases.

5.1. Optimization of a single anaerobic digester network
superstructure

For a network superstructure that contemplates only a single
UASB reactor, sensitivity analysis was done for the short-circuit
fractions. Table 2 describes the condition of the cases studied, as
well as their optimal solutions. The UASB reactor short-circuit flow
has an important effect on the reactor efficiency, and the values for
SFq and SF;, were set to 0.145 (Case U1), 0.100 (Case U2), 0.05 (Case
U3) and 0 (Case U4).

The upflow velocity is defined as

Fin
v= A (49)

The fact that the concentration of the endogenous residue is
about 14 times larger than the acetoclastic methanogenic means
that the volume could be smaller, if it were not for the short-circuit
flow streams. If a recycle stream could not be used, there would
always be a lower bound for the COD of the treated effluents due
to short-circuiting. As the short-circuit fraction value is decreased,
the volumes found in Optimal Solutions U2, U3 and U4 decrease,
showing their strong influence in the efficiency of the UASB reac-
tor. The volume for the UASB reactor in Optimal Solution U1 is
approximately 10 times larger than the one used in the experiments
described by [2], and this is due to constraints (11) and (12), which
limit the upflow velocity in the reactor and the COD of the treated

Table 3
Organic load constraint variation for a network of a single EGSB reactor.

Case Constraint By-pass stream
E1l OL,<12kg/m3>d (16a) None

E2 OL <7kg/m3d (16b) None

E3 OL-<20kg/m3d (16c) None

E4 OL.<40kg/m>d (16d) None

E5 OL,<12kg/m3>d (16a) Present

E6 OL-<7kg/m*d (16b) Present

E7 OL.<20kg/m3*d (16c) Present

ES OL, <40kg/m3d (16d) Present
Table 4

Optimal solutions for cases E1-E4 (single EGSB reactor without by-pass).
Variable Case E1 Case E2 Case E3 Case E4 Unit
vV 1280.4 2194.4 768.0 384.0 m3

Ar 49.8 80.0 39.9 36.4 m?

hy 25.70 274 19.2 10.6 m

v 4.0 2.5 5.0 5.5 m/h
X; 28.2 30.0 30.0 30.0 kg/m?3
b 17.6 12.1 232 27.1 kg/m3
x 10.6 17.9 6.8 29 kg/m3
Fin 200.0 200.0 200.0 200.0 m3/h
oL, 12 7 20 40 kg/m? d
CODgy 0.012 0.010 0.015 0.028 kg/m?
Frr 0.0 0.0 0.0 0.0 m3/h
Fgp 0.0 0.0 0.0 0.0 m3/h

Table 5

Optimal solution for cases E5-E8 (single EGSB reactor with by-pass).

Variable Case E5 Case E6 Case E7 Case E8 Unit
Vi 1264.6 2166.7 759.6 3813 m?3

Ar 49.2 79.0 39.6 36.1 m?

hy 25.72 27.4 19.2 10.6 m

v 4.02 25 5.0 5.5 m/h
Xr 30.0 30.0 30.0 30.0 kg/m?
Xwmia,r 18.0 12.1 23.2 27.1 kg/m?
Xir 12.0 17.9 6.8 2.9 kg/m3
Fin 197.6 197.5 197.8 198.6 m3/h
OL, 12 7 20 40 kg/m? d
CODgy 0.050 0.050 0.050 0.050 kg/m?
Frr 0.0 0.0 0.0 0.0 m3/h
Fp 2.4 2.5 22 1.4 m?/h

effluent. Anh [37] establishes the following simplified design cri-
teria for an UASB reactor for effluents with COD inlet lower than
5kg/m3:

v=0.5 m/h (50)
42m < hr <6.2m (51)
hre=12m (52)

The upflow velocity bound is 4 times smaller than the maximum
value set by Constraint (11). Such constraint yields a cross-sectional
area for the UASB reactor of 400 m2. Interestingly, the reactor

Fiy 197.6 [ m3h

Fpp 2.4 | m¥h

Vy 1264.6 | m

Iy 2572 | m _ @)

Xy 30.0 | kg/m® 2t O

Fig. 4. Optimal solution for configuration E5.

oL=7
500

Total volume (m*) —e— SF =0.000
—e— SF =0.050
—a— SF =0.100

—=— SF =0.145

OL=40 OL=12

OL=20

Fig. 5. Total volumes of the two-digester networks (m?) for the 16 cases studied,
values for OL in kg/m3/d.
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—e— SF =0.000
—s— SF = 0.050
—&— SF =0.100
—m— SF=0.145

OL =40 oL =12

oL =20

—e— 5F = 0.000
—e— SF = 0.050
—&— SF =0.100
—=— SF = 0.145

> oL =12

EGSB volume (m°)

OL =40

oL =20

Fig. 6. UASB and EGSB reactor volumes (m?) for the 16 two-digesters network cases studied, values for OL in kg/m?3/d.

dimensions for Case U3 are relatively close to the ones presented
by Ahn’s design criteria.

Fig. 3 shows the configuration of the optimal solution of Case
Us.

For a network superstructure that presents a single EGSB
reactor r, the feed stream characteristics were the same as the
ones for the optimization of a single UASB reactor network. Sen-
sitivity analysis was performed in the maximum organic load
that the EGSB reactor can process, described by Constraint (16).
Table 3 displays the values used for the organic load constraint.
Parameter values in constraints (16a), (16¢) and (16d) corre-

spond to the limits set by [32] for EGSB reactor operation, while
constraint (16b) is based on the value set by [25] as the maxi-
mum organic load for an EGSB reactor. A comparison was also
done for network superstructures with and without the by-pass
stream.

The optimal solutions of Table 4 indicate the sensitivity of the
EGSB reactor in a network regarding the maximum organic load. As
expected, as the value of the maximum organic load increases, the
volume of EGSB reactor decreases. In Cases E2 and E4, the velocity
constraints (14) and (15) are active, while the dimension constraint
(17) is non-binding for either case.

Frrs 57 | m¥h
Fr 205.7 | m'h
v, 1763 | m’
hy 167 | m

i 0.997

SF, 0.145

I 183.7 | m*h
Fr 183.7 | m'h
v, 3157 | M

h; 430 | m

e 30.0 | kgm®
OL; 7 | kg/m’d

Fig. 7. Network configuration for optimal solution T1 (r=1, UASB reactor, r=2, EGSB reactor).
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The most surprising result from Optimal Solutions E1-E4 is the
absence of a recycle stream for all cases. That would be expected
for a CSTR as shown in Appendix D. The fact that the values of
CODgy are smaller than 0.005 kg/m3 shows that the volume could
be decreased and Constraint (12) would be respected. However, that
does not happen due to the limitation of the maximum organic load
for an EGSB reactor. The use of a by-pass stream solves this problem
as shown in the optimal solutions E5-E8 in Table 5.

With the use of a by-pass stream, there is an approximately 1%
decrease in the optimal volume for the EGSB reactor. The values of
CODgy for these optimal solutions correspond to their upper bound
as in Constraint (12).

Fig. 4 shows the configuration of Optimal Solution E5.

The computational times for the optimization of one-reactor
network superstructures were all under 1 min. Model dimensions
are provided in Appendices A and B.

The sludge concentration in the treated effluent is lower than
0.01 kg/m? for all optimal solutions, showing that Constraint (13) is
non-binding.

In all cases BARON used less than 10s to find global solutions
and CONOPT less than 0.1 s to find local ones.

5.2. Optimization of a two-anaerobic digester network
superstructure

The two anaerobic digesters network superstructure considers
only the configuration of a network containing one UASB and one
EGSB reactor. The network could contain two UASB reactors or two

EGSB reactors, but the objective is to show that with different types
of digesters, the wastewater treatment process can be significantly
improved.

Sixteen cases were studied, and the optimal solutions found for
these cases are given in Figs. 5 and 6. The short-circuit fraction
for the UASB reactor was varied from O to 0.145, and the maxi-
mum organic load rate for the EGSB reactor was varied from 7 to
40kgm3/d.

The comparison of the optimal solutions for the 16 cases shows
again the strong influence of the UASB reactor short-circuit stream
on the network configuration. As expected, as the fractions of the
short-circuit streams increase as seen in Fig. 6, so does the EGSB
reactor volume, but the UASB reactor remains the same except
when the short-circuit fraction is 0.145. A larger UASB reactor vol-
ume would not reduce proportionally the COD, while a smaller one
would compromise final treatment in the EGSB reactor. A recycle
stream exists only for the case with the highest short-circuit frac-
tions (SF=0.145) for the UASB reactor and lowest maximum organic
load for the EGSB reactor (OL < 7). As noticed previously in the one-
digester network scenarios, as the maximum organic load for the
EGSB reactor is increased, the EGSB reactor volume decreases.

The computational time for the global optimization of the two-
digester network superstructures with BARON varied from 30s to
16 min. CONOPT demanded less than 0.2 s in all cases to find local
optima.

Figs. 7-9 show the optimal configurations for some of the two-
digester networks. Cases, T1, T2 and T3 correspond respectively to
SF1 =0.145 and OLy max =7, 12 and 40 kg/m? d.

Frip 198.9 | m’/h
Fini 198.9 | m’/h
v, 1647 | m’
hy 1.66 | m

m 0.997

SF, 0.145

Fnz 190.4 | m’/h
Frae 1904 | m*h
v, 151 | m’

h> 1.55 | m

X 300 | ke/m’
OL, 40 | kgm'd

Fig. 8. Network configuration for optimal solution T2 (r= 1, UASB reactor, r =2, EGSB reactor).
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i >
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Frpy 200.0 | m*/h Fru 184.7 | m*h
Frz 0.0 | m’/h v 166.7 | m*
Fsi2 184.7 | m’/h Vs 190.6 | m®
F14 0.0 | mh Vs 0.0 | m

Fsoy 0.0 | m’/h SF 0.145

Frasi 153 | m’h OL, 4 12 | kg/m’d

Fig. 9. Network configuration for optimal solution T3 (r= 1, UASB reactor, r =2, EGSB reactor).

Figs. 7 and 9 represent network configurations where the reac-
tors are in series, whereas Fig. 8 represents a network where the
reactors are both in series and in parallel.

All the four cases for two-digester networks consider that the
costs for the UASB and EGSB reactors are the same. A sensitivity
analysis was performed to study how different costs ratios (G)
between the two reactors affect the optimal solution. The val-
ues for G, were varied from 0.1 to 1, for which SF; =0.145 and
OLy max = 12 kg/m?3 d. Fig. 10 shows the results for these cases. Inter-
estingly, when C; is approximately the same as C,, the value for the
objective function, RC, is not changed. Only for 0.5<C;/C; <2, the
optimal values for the digesters volumes are altered.
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Fig. 10. Sensitivity analysis for different costs between different types of reactors in
a two-digesters network (r=1, UASB reactor, r=2, EGSB reactor).

5.3. Optimization of a three-anaerobic digester network
superstructure

The three-anaerobic digester network superstructure contains
the configuration of two UASB and one EGSB reactors, as well as
one UASB and two EGSB reactors. The network could in principle
contain three UASB reactors or three EGSB reactors, but the objec-
tive is to show that with different types of digester, the wastewater
treatment process can be significantly improved.

For the EGSB reactor(s), the value for maximum organic load,
Constraint (16), was 12 kg/m3 d, while the UASB reactor(s) short-
circuit fraction was 0.145.

Two cases were studied for this network superstructure; Case
H1 denotes a network with 2 UASB reactors and 1 EGSB reactor,
while Case H2 denotes a network with 1 UASB reactor and 2 EGSB
reactors. The optimal solution for Case H1 is given in Fig. 11.

Comparing Case H1 (network of 2 UASB reactors and 1 EGSB
reactor) with the two-digester network (Case T3), which has the
same short-circuit fraction and maximum organic load values of
Case H1, the extra UASB reactor in the network yields a 19% reduc-
tion in the objective function value, RC, 288.3m3 Case H1 and
357.3 m?3 for Case T3. This is because the two UASB reactors in this
network are basically connected in series. However, for Case H2
(network of 1 UASB reactor and 2 EGSB reactors), there is no reduc-
tion in RC from the two-digesters network solution, actually both
have only one EGSB reactor in the optimal solution, therefore the
solutions for Cases T3 and H2 are identical. The minimum volume
for the EGSB reactor is not limited by the efficiency of the reac-
tor to remove COD, as the UASB reactor, but by Constraint (16),
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Fii 1374 | m’/h
Fres 62.6 | m’/h
Fs.. 72.5 | m’/h
Fg.3 64.8 | m’/h
Fss.2 101.1 | m*h
Fr 173.6 | m’/h

Frus 26.4 | m’/h

Vi 78.6 | m’

Vs 1420 | m?

Vs 67.7

SF 3 0.145

OL, 12 | keg/m’d

Fig. 11. Network configuration for optimal solution H1 (r=1 and 3, UASB reactors, r=2, EGSB reactor).

the minimum organic load rate. Hence, there is no gain in using
two EGSB reactors in series, since to satisfy Constraint (16), the
first EGSB reactor volume is sufficient to remove all the required
COD. The computational time of the optimization increased expo-
nentially with the addition of the third digester to the network
superstructure. For Case H1, the computational time required by
BARON was about 12 h, while for Case H2 it was about 21 h. CONOPT
required less than 0.2 CPU s to find an optimal solution in both
cases.

Interestingly, Diamantis and Aivasidis [38] investigated a special
case of the network studied in H1 and verified experimentally that
the operation of a two-stage UASB reactor yielded a 50% reduction
of methanization volume compared to a single-stage UASB reactor
operation. There are also published works of 2-digester networks in
series used for anaerobic digestion. Melidis et al. [39] made use of
2 UASB reactors, while Vankataraman et al. [40] made use 2 upflow
packed-bed reactors.

5.4. Optimization of a four-anaerobic digester network
superstructure

The four anaerobic digesters network superstructure contem-
plates the configuration of a network containing two UASB and two
EGSB reactors. Case F1 was studied for this network superstructure.
For the EGSB reactor(s), the value for maximum organic load, Con-
straint (16), was 12 kg/m?3 d, while the UASB reactor(s) short-circuit
fraction was 0.145.

Solution to Case F1 was found after 80h of optimization,
although BARON could not converge to a global optimal, and the
local optimal solution (found by CONOPT in 0.05 CPU s) was exactly
the same as the one found in Case H1. As previously explained, due
to Constraint (16) the addition of an extra EGSB reactor to the net-
work does not reduce the value of the objective function. According
to the model developed by the current work, only the addition of an
extra UASB reactor, nevertheless, would in theory reduce the value
of the objective function.

6. Conclusions

The present paper addresses the mathematical modeling of
an anaerobic digesters network for optimal synthesis. It creates a
superstructure containing UASB and EGSB reactors, as well as the
streams that connect these reactors to the feed stream and to the
final stream. The network superstructure contains the UASB and
EGSB reactors models developed by [1], as well as network balance
constraints. The proposed model also contains operational limits,
non-negativity constraints and treated effluent quality constraints.
The resulting model is a non-linear programming (NLP) problem
that is solved to global optimality.

Networks of one up to four digesters are optimized and sensi-
tivity analysis was done on two main process parameters, namely
the short-circuit fraction in the UASB reactor and the maximum
organic load rate for the EGSB reactor. It is shown that a recycle
stream is only effective in case of a reactor with short-circuit, such
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as the UASB reactor, which is confirmed by the optimization of the
one-reactor network superstructure. For the UASB reactor network,
there is a recycle stream present, but not for the EGSB reactor. In
the latter, a by-pass stream is present due to the maximum organic
load constraint.

As the network size increases, the value for the objective func-
tion, which aims for the reduction of the overall digester volumes,
decreases as expected. However, due to the maximum organic load
constraint for the EGSB reactor, the inclusion of an extra EGSB reac-
tor in the network does not improve the design of the process. It
is also verified that the addition of a digestor to the network also
increases drastically the computational time to solve the optimiza-
tion model to global optimality.

The current paper does not aim to be a tool for designing an
anaerobic digester plant, but instead it systemically investigates
complex configurations for anaerobic digestion treatment based
on the optimization of reactor network superstructure. It pro-
poses multiple digester configurations that achieve COD removal
efficiency that would only be achieved by extremely large sin-
gle reactors or even none at all. The methodology presented here
can also be adapted to optimize UASB and EGSB reactors that are
described by more complex models such as the ones that present
axial dispersion.

Table A2

Single UASB reactor network superstructure model equations.

Equation Number Quantity
Kinetic for blanket and bed (A.7)-(A19) 26
Flow and sludge discharge (A.20)-(A.31) 45
General algebraic relations (A.32)-(A.39) 10
Global mass balance in the UASB reactor (A1) 1
Mass balances in mixers (A.2)-(A5) 14
COD for streams FD, IN, OT and FN (A.6) 4
Total 100

Frp - Sj rp + Frr - Sj,pn = FIN - Sj.iv + Fep - Sj rp

j=G,E,B,AA,H and CO, (A4)
Fgp - Sj pp + For - Sj,c = Frr - Sj,en + Fen - Sj pn

j=G,E,B,AA,H and CO, (A5)

CODy, = 1.33 S n+2.09 - St ,+1.82 - Spn+1.07 - Spa p + 8.00 - Sy

n =FD, IN, OT and FN (A.6)
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MEr;s = KmF - : (A7)

Kc+Sc1s 1+SH1,s/Kirn
Appendix A. Single UASB reactor r network superstructure u M SErs 1 (A8)
: : AE,r,s = M'mAE * : .
model equations in steady-state Ke+Sers 1+ Surs/Kaen
See Tables A1 and A2 and Fig. A.1. SE.rs 1
HAB,r,;s = MmAB - = :
. Kg - (1 +SAA,T.S/I<IABAA) +53,r75 1 +5H,r,s/KIABH
A.1. Network equations (A.9)
Fin = For (A1)
Saa 1 1
Frp + Frr = Fin + Fpp (A2)  umars=MmMA- = :
“ KAA + SAA,r,s 1+ SE,r,s/KIMAE 1+ SB,r,s/KIMAB
Fgp + For = Frr + Frv (A3) (A.10)
Table A1
Variables for a single UASB reactor r network superstructure.
Variable Definition Quantity
E, Flow rates for stream n n=all streams 6
Sin Substrate j concentration in stream n j=G,E, B, AA, H and CO, 18
n=FD, IN and FN

COD, Stream n COD n=FD, IN, OT and FN 4
V; UASB reactor r volume 1
Vis Volume of section s of the UASB reactor r s=a,bandc 3
Ar Cross-sectional area of UASB reactor r 1
h, UASB reactor r height 1
hys Height of section s of the UASB reactor r s=a,bandc 3
nr UASB reactor r settler efficiency 1
SE= Short-circuit fractions that by-passes the section s in the UASB reactor r s=aand b 2
Sirs Concentration of substrate j in section s of the UASB reactor r j=G,E, B, AA, Hand CO2;s=a,band c 18
Xrb Total sludge concentration in the UASB reactor r blanket 1
Xirs Anaerobic sludge component i concentration in section s of the UASB reactor r i=all 6 sludge components; s=a, b and c 18
DC; total discharged sludge flow for the UASB reactor r 1
0IC; Discharge flow for bacterium i from reactor r i=all 6 sludge components 6
RS;s Reaction rate for substrate j in section s of the UASB reactor r j=all 7 substrates; s=a and b 14
Wirs growth rate for bacterium i in section s of the UASB reactor r i=F, AE, AB, MA and MH; s=a and b 10
TM;.s rate of formation of the endogenous residue in section s of the UASB reactor r s=aandb 2
ST volumetric production rate of methane in the UASB reactor r s=aand b 2
Total 112
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Fig. A.1. Schematic representation of the UASB reactor.

X,
RSirs = [(1 - JI"\;’IA ) A rs CMATS 4 0,25 (1 - Ié"l\’;’ )
SH,r,s : SCOZ,r,s AA MA H

UMH,r,s = MmMH - (Kt + Sti.r.s) - (Kco, + Scoy.rs) .IJLMH,r,; -XMH,r,s] - MMy, (A19)
L L (A11) .
1+ Sgrs/Kivue 1+ Sp.r.s/Kivnp ' A.3. Flow model equations
SFra = f(hr,a, hrp) (A.20)
Mg =02 bi-Xis (A12) ra =R T
Qi SF. p = f(hr.a, hy.p) (A.21)
RSG,r.s = —*MF’T’SY' Xers v a13) (1 =SFra)-Fin-(Sin = Sjra) + RSjra + Via = 0
F j=G,E,B,AA,H and CO, (A22)
. \a UErs - XFrs MAErs - XAE,r.s
RSErs = {0'34 ' (1 B MMG> ' Yr B Yar ] - MM ~Ndr - X' - Pcuar.a - Xira
(A'l4) +Ar 'Xi,r,b “Us +Mjrq 'Xi,r,a . Vr,a - bi 'Xi,r,a . Vr,a =0
i — F, AE, AB, MA and MH (A23)
- X -X
RSp.y.s = |:0'39 ) (1_ YEm ) ) HF,rs - AFrs  HAB1,s AB,r,s:| - MMp
MMg Yr Yas sy X - fcryra - Xira+Ar - Xirp Vs +TMpa-Via=0  (A24)
. (1- SFr,a) “FiN - Sj,r,a -(1- SFr,b) “Fin - sj,r,b + (SFr,a - SFr,b)
Fiy - Sjn+RSjrp Vep=0 j=G,E B AA HandCO, (A25)
X
RSpnrs = [1.31 : (1 - Mf& )."”’; frs | (1 _ 1\}1/1/:; )
¢ F E ndr'xl'¢CH4,r,a 'Xi,r,a_Ar'xi,r,b'vs_(1 -n-(1 _SFr,b)
HAE,r,s - XAE,r,s Yap UAB,rs - XAB,r,s
D e (1 - MMB> : Yo Fin - Xir.p + Wirb - Xirp - Vep = bi - Xirp - Vep =0
X i = F, AE, AB, MA and MH (A26)
_ MMArs MA,r,s] - MMas (A.16)
Yyma
Nar - X' - Pcrar,a - Xira —Ar - Xprp - Vs — (1 =) - (1 =SF;.p)
Yr MErs  XFr.s Yae FIN X p+TM;p - Ve, =0 (A.27)
RS, =10.82-(1- L b 2.(1= Lr,b rbVrb
Hrs { ( MMG> 7 ( MME>
‘ILAE,r,s - XAE,r,s 12, (1 _ Yap ) ) JLAB,r.s - XAB,rs (1- SFr,b) -Fin 'Sj,r,b +Sprp - FIN 'Sj,lN — Fn 'Sj,r,c =0
Yae MMg Yap .
X j=G,E,B, AA, Hand CO, (A.28)
_ :uMH,r,; . MH,r,s} - MMy (A17)
MH
(1-mp)-(1 —SFr,b)'FIN Xirp—FIN-Xir = 0
RS = {1 14. (1 Y ) KErs XErs + (1 _ Yua ) i=F, AE, AB, MA, MH andI (A.29)
COozors = | T MMc Yr MMy
Xi o F
ars - Xvars Yur \ Amrs Xwmrs — DGr= =% i F AE AB,MA, MHandI (A30)
JEMArs TMALS 0.5 (1-  EMH.rs ZMHLT. : Vrc
Yva MMy YmH ’
X DG, = DC; A31
0.5 KMH.rs SMH.r.s M”'“S} - MMco (A18) ' Z b (A31)
MMy 2 i



R.EE Pontes, J.M. Pinto / Chemical Engineering Journal 149 (2009) 389-405

A.4. Generic algebraic relations

RSCH4,r,a : Vr,a

¢CH r.a = (A'32)
4 OCH,
RSch -V,
4.1.b r,b
DCHyrb= —— (A33)
PCH,

hy = hyq+hyp + hrc (A.34)
Vi=Via+Vip+Vie (A.35)
Vis=Ar-hs s=a,band c (A.36)
Vrc =0.185.V; (A.37)

E Xira=85 (A.38)

i
0=TM; — DC; ; (A.39)
A.5. Model parameters
Parameter Value Unit Parameter Value Unit
JmF 0.175 h! br 0.00125 h-!
MmAE 0.280 h-! bag 0.00125 h-!
Mmap 0.011 h-! bag 000125 h-!
Wmmia 0.015 h-1 bua 000083 h-!
MmMH 0.058 h-! by 0.00125 h-!
K¢ 0.128 mol/m? Kiry 0.03205 mol/m?
K 0.060 mol/m? Kiaen 0.32051 mol/m?
Kz 1.100 mol/m3 Kiagu 0.00641 mol/m?
Kaa 2.300 mol/m? Kiapaa 10 mol/m?
Ky 0.008 mol/m? Kivas 21 mol/m?
Kcoz 0.010 mol/m3 Kivag 35 mol/m3
Y 0.0220 kg/mol Kimvus 16 mol/m3
Yae 0.0020 kg/mol Kinue 29 mol/m?
Yap 0.0045 kg/mol Us 3.5 m/h
Yuma 0.0025 kg/mol Nar 0.3
Y 0.0004 kg/mol X 14.27

Appendix B. Single EGSB reactor r network superstructure

model equations in steady-state

See Tables B1 and B2.
B.1. Network equations

Same ones listed in A.1.
B.2. Kinetic equations

Same ones listed in A.2, but without the s sub-index.
B.3. Flow model equations
0=
0= w;rXir—bi.Xi; — DG,

(Sin —Sj)+RS;,  j=G,E, B,AA, Hand CO,
i =F, AE, AB, MA and MH
0 =TM; — DC;,

DCr = ) (tir Xiy = biXip) + TM

i+l
X.
DG, = ;' .DC, i=F, AE, AB, MA, MH and |
T
RSch,,r - Vi
dcH,,r = P,
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Table B1
Variables for a single EGSB reactor r network superstructure.
Variable Definition Quantity
F, Flow rates for stream n n=all streams 6
Sin Substrate j concentration in j=G, E, B, AA, H and COy; 18
stream n n=FD, IN and FN
COD, Stream n COD n=FD, IN, OT and FN 4
V; EGSB reactor r volume 1
Ar Cross-sectional area of EGSB 1
reactor r
7 EGSB reactor r height 1
X Anaerobic sludge 1
concentration in EGSB reactor r
Sir Concentration of substrate jin  j=G, E, B, AA, H and CO2 6
the EGSB reactor r
X Concentration of anaerobic i=all sludge components 6
sludge component i in EGSB
reactor r
DC: Total discharged sludge flow 1
for the EGSB reactor r
DG, Discharge flow for bacteriumi  i=all sludge components 6
from reactor r
RS;; Reaction rate for substrate jin  j=all substrates 7
the EGSB reactor r
ir Growth rate for bacterium i in i=F, AE, AB, MA and MH 5
the EGSB reactor r
T™; Rate of formation of the 1
endogenous residue in the
EGSB reactor r
bcy, Volumetric production rate of 1
methane in the EGSB reactor r
Total 65
Table B2
EGSB reactor network superstructure model equations.
Equation Number Quantity
Kinetic (A.7)-(A19) 13
Flow and sludge discharge (B.1)-(B.6) 20
Generic algebraic relations (B.7) 1
Global mass balance in the EGSB reactor (A1) 1
Mass balances in mixers (A.2)-(A.5) 14
COD for streams FD, IN, OT and FN (A.6) 4
Total 53
B.4. Generic algebraic relations
Vi =Ar - hy (B.7)
Appendix C
C.1. Multiple-anaerobic digester network superstructure model
equations in steady-state
See Tables C1 and C2.
C.2. Multiple anaerobic digester network superstructure model
equations in steady-state
See Table C3.
Table C1
Variables intrinsic to the network of two anaerobic digesters.
Variable Definition Quantity
F, Flow rates for stream n n=all streams 18
Sin Substrate j j=G,E, B, AA, H and 36
concentration in CO,; n=FD, IN;, RM;
stream n and FNr=1 and 2
COD, Stream n COD n=FD, IN;, RM;, and FN 6
r=1and 2
Total 60
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Table C2

Constraints intrinsic to the network of two anaerobic digesters.

Equation Number Quantity

Global mass balance in the digesters (1) 2

Mass balance in the mixers and splitters (18)-(28) 36

COD of 6 streams (6) 6

Total 44

Table C3

Variables intrinsic to the network of multiple anaerobic digesters.

Variable Definition Quantity

F Flow rate for stream n n=FD and FN 2

E, Flow rate for the n n=RF;, IN;, BP;, OT,, 7-R
stream RR;, RM;, MR, r=1,...,R

Fsr—' Flow rate for the r=1,..,R(r #71) R-(R-1)
sidestreams

Sin Substrate j j=G,E, B, AA, Hand 12
concentration in CO,; n=FD and FN
stream n

Sin Substrate j j=G,E,B,AA, Hand 12.R
concentration in CO; n=IN; and RM;
stream n r=1,...,R

COD,, Stream n COD n=FD and FN 2

COD, Stream n COD n=IN; and RM;, 2-R

r=1...,R
Total R?+20-R+16
Appendix D

Depending on the reaction kinetics, for a CSTR, the recycle
stream does not affect the conversion rate of the reactor, as shown
here. Note that one of the assumptions made in a CSTR is that there
is no short-circuit.

The mass balance for substrate j in reactor r is the following,
using Assumption A4:

Finr - Sjine = Forr - Sjr = Vr - R r =0 (D.)

If the reaction rate for substrate j is only a function of its con-
centration, then it can be expressed by

Rjr =f(5r) (D.2)
Substituting (2), (4) and (D.2) into (D.1), and making Fgp =0:
Frp - (Sjrp — Sjr) = f(Sjr)-Vr =0 (D.3)

Although the value of S;; can only be calculated implicitly by
(D.3), the value of Fgrg does not influence it.

Supposing that the only substrate present in the feed stream is
aceticacid (AA), itis shownin Appendix A that Egs. (A.10) and (A.16)
can be simplified to:

Saa
MMA,r = UmMA - m (D.4)
,T
- X
Ranr = _M MMz (D.5)
MA
Defining
- X
o = HmMA - AMar MMz (D.6)
Yma
Substituting (D.4) and (D.6) into (D.5):
Saa,r
Ran — —ar- : D.7
AT = ot S (-7

Substituting (2), (4) and (D.7) into (D.1), and again making
Fgp=0:

s —B+/B*+4 S Kaa
j,r =

2

(D.8)

Fv(1-5E) [ QD For

Fi.SF,

Fig. D.1. Continuous reactor with short-circuit flow.

where

ﬂ = Kpa + Lvr - Sj FD (D.9)
Frp ’

Again, the concentration of substrate j in the reactor r, S;, does
not depend on the recycle stream (Fgg).

Now, assume that the CSTR is no longer ideal and that this
non-ideality can be modeled as a short-circuit stream. Hence,
Assumption A4 is no longer valid (S;or # S;j). Fig. D.1 shows a
continuous reactor where there is a short-circuit flow.

In Fig. D.1, the parameter SF; represents a fraction of the incom-

ing stream that short-circuits the reactor.
Fiy - (1 —SF;) + Fin - SFr = For (D.10)

Now, the mass balances for substrate j in reactor r are the fol-
lowing:

Fin-(1=SF) Sy — Fix - (1= SF) - Sj.y — Vi -Rjp = 0 (D11)
Fiy-(1—=SF)-Sj 4+ Fiv - SFr - S v = For - Sj or (D.12)

Substituting (1), (2), (D.7), (D.11) and (D.12) into (4) and solving
for S;, and again making Fpp=0:

1240 - SER S K
Sjr = 2.(1—SF)

where

(D.13)

Frp -SFr-Sjpp - Vi - (Fpp + Fre - (1 — SFy))

Fep + Fre Frp(Fp + Frr) - (1 — SFr)
F Frr - (1 =SF;))-S;
_ (Fep + Fre - ( v)) - Sj.Fp (D.14)
(Frp + Frr)

If SF- =0, then equation (D.13) becomes (D.8).
Note that if there is short-circuit then S; will also be a function
of FRR-
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